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Learning About Chaotic Circuits with SPICE

David C. Hamill, Member, IEEE

Abstract— A study of chaotic circuits is of educational value,
both to students and to practicing engineers. Ten circuits that
behave chaotically are simulated with SPICE, starting with sim-
ple abstract systems and preceding, via familiar circuits such as
the monostable and the tuned amplifier, to a controlled dc—dc
converter. The examples show a variety of ways in which chaos
can arise in analog electronic circuits. It is shown how SPICE
may be used to produce Poincaré sections of strange attractors,
and bifurcation diagrams. Full PSpice' listings are available.

I. INTRODUCTION

HAOS is a phenomenon that occurs widely in nonlinear
dynamical systems. It may be described as a bounded,
aperiodic, noise-like oscillation; a deterministic system appears
to behave randomly, even though there is no random input.
The theory of chaos has developed over the past 20 years or
so [1], largely in the context of mathematical physics, and
has only recently begun to filter through to engineering. Many
unintended examples of chaos can be found in electronics,
and are often dismissed as spurious oscillations. Looking to the
future, one can expect the “controlled randomness” of chaos to
be exploited in applications currently requiring random inputs.
The emphasis on linear systems in engineering education
encourages a way of thinking in which nonlinear effects such
as subharmonics and chaos are alien. One of the pioneers of
chaos, R.M. May, put it well:
“The elegant body of mathematical theory pertaining to
linear systems (Fourier analysis, orthogonal functions,
and so on), and its successful application to many funda-
mentally linear problems in the physical sciences, tends
to dominate even moderately advanced university courses
in mathematics and theoretical physics. The mathematical
intuition so developed ill equips the student to confront
the bizarre behavior exhibited by [simple nonlinear sys-
tems]. Yet such systems are surely the rule, not the
exception, outside the physical sciences ... not only in
research, but also in the everyday world of politics and
economics, we would all be better off if more people
realized that simple nonlinear systems do not necessarily

possess simple dynamical properties.” [2]

These remarks might equally well be directed at electronic
and electrical engineering, where many of the fundamental
building blocks are inherently nonlinear, yet our teaching
has traditionally been based on an assumption of linearity.
Some exposure to chaotic dynamics would benefit both the
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advanced student and the practicing engineer, bringing a more
complete understanding of nonlinear circuits and systems. The
basic concepts of chaos are not difficult to grasp if one is
able to experiment with suitable circuits; Lonngren’s student
laboratory experiment [3] is a good starting point, and would
be complementary to the simulation exercises described below.
A benefit of simulation is that circuits can be reduced to their
essentials, uncluttered by experimental imperfections, and can
be probed in greater depth than in the laboratory.

This paper presents a collection of ten chaotic circuits,
simulated using PSpice [4], a development of the SPICE circuit
simulator [5]. Section II presents equivalent circuits of some
classic abstract chaotic systems. Sections III and IV introduce
simple nonlinear passive and active electronic circuits, culmi-
nating in a chaotic dc—dc converter in Section V. Section VI
discusses the extreme sensitivity of chaotic systems and the
effect of SPICE’s numerical methods. In Section VII a graph-
plotting program is used in conjunction with SPICE to produce
Poincaré sections of attractors, and bifurcation diagrams.

The examples given illustrate a variety of ways in which
chaos can arise in simple analog electronic circuits. In each
case references are cited, the simulation method is indicated,
and graphical results are presented. The PSpice circuit files
are available from the author. They have all been tested with
the January 1989 evaluation version of PSpice, which runs on
IBM-compatible personal computers and is readily available
to students; with some minor modifications, the circuit files
should be compatible with other SPICE variants.

II. ABSTRACT CHAOTIC SYSTEMS

The earliest continuous chaotic system to be investigated
was a system of three differential equations studied by Lorenz

(6}:

dz/dt = 10z — 10y

dy/dt = 28z —y — x2

dz/dt = 2y — 82/3. (1)
As is typical of chaotic systems, these deceptively simple
equations result in complex behavior. SPICE may be used

to solve the differential equations [7] by making use of the
capacitor relation dv/dt = ¢/C. Writing
z =, Y = vg, Z = w3
and
dz/dt = 1,,

dy/dt = 1o, dz/dt =13

(for one-farad capacitors), each equation may be represented
by a circuit consisting of a polynomial voltage-controlled
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