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Learning About Chaotic Circuits with SPICE

David C. Hamill, Member, IEEE

Abstract— A study of chaotic circuits is of educational value,
both to students and to practicing engineers. Ten circuits that
behave chaotically are simulated with SPICE, starting with sim-
ple abstract systems and preceding, via familiar circuits such as
the monostable and the tuned amplifier, to a controlled dc—dc
converter. The examples show a variety of ways in which chaos
can arise in analog electronic circuits. It is shown how SPICE
may be used to produce Poincaré sections of strange attractors,
and bifurcation diagrams. Full PSpice' listings are available.

I. INTRODUCTION

HAOS is a phenomenon that occurs widely in nonlinear
dynamical systems. It may be described as a bounded,
aperiodic, noise-like oscillation; a deterministic system appears
to behave randomly, even though there is no random input.
The theory of chaos has developed over the past 20 years or
so [1], largely in the context of mathematical physics, and
has only recently begun to filter through to engineering. Many
unintended examples of chaos can be found in electronics,
and are often dismissed as spurious oscillations. Looking to the
future, one can expect the “controlled randomness” of chaos to
be exploited in applications currently requiring random inputs.
The emphasis on linear systems in engineering education
encourages a way of thinking in which nonlinear effects such
as subharmonics and chaos are alien. One of the pioneers of
chaos, R.M. May, put it well:
“The elegant body of mathematical theory pertaining to
linear systems (Fourier analysis, orthogonal functions,
and so on), and its successful application to many funda-
mentally linear problems in the physical sciences, tends
to dominate even moderately advanced university courses
in mathematics and theoretical physics. The mathematical
intuition so developed ill equips the student to confront
the bizarre behavior exhibited by [simple nonlinear sys-
tems]. Yet such systems are surely the rule, not the
exception, outside the physical sciences ... not only in
research, but also in the everyday world of politics and
economics, we would all be better off if more people
realized that simple nonlinear systems do not necessarily

possess simple dynamical properties.” [2]

These remarks might equally well be directed at electronic
and electrical engineering, where many of the fundamental
building blocks are inherently nonlinear, yet our teaching
has traditionally been based on an assumption of linearity.
Some exposure to chaotic dynamics would benefit both the
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advanced student and the practicing engineer, bringing a more
complete understanding of nonlinear circuits and systems. The
basic concepts of chaos are not difficult to grasp if one is
able to experiment with suitable circuits; Lonngren’s student
laboratory experiment [3] is a good starting point, and would
be complementary to the simulation exercises described below.
A benefit of simulation is that circuits can be reduced to their
essentials, uncluttered by experimental imperfections, and can
be probed in greater depth than in the laboratory.

This paper presents a collection of ten chaotic circuits,
simulated using PSpice [4], a development of the SPICE circuit
simulator [5]. Section II presents equivalent circuits of some
classic abstract chaotic systems. Sections III and IV introduce
simple nonlinear passive and active electronic circuits, culmi-
nating in a chaotic dc—dc converter in Section V. Section VI
discusses the extreme sensitivity of chaotic systems and the
effect of SPICE’s numerical methods. In Section VII a graph-
plotting program is used in conjunction with SPICE to produce
Poincaré sections of attractors, and bifurcation diagrams.

The examples given illustrate a variety of ways in which
chaos can arise in simple analog electronic circuits. In each
case references are cited, the simulation method is indicated,
and graphical results are presented. The PSpice circuit files
are available from the author. They have all been tested with
the January 1989 evaluation version of PSpice, which runs on
IBM-compatible personal computers and is readily available
to students; with some minor modifications, the circuit files
should be compatible with other SPICE variants.

II. ABSTRACT CHAOTIC SYSTEMS

The earliest continuous chaotic system to be investigated
was a system of three differential equations studied by Lorenz

(6}:

dz/dt = 10z — 10y

dy/dt = 28z —y — x2

dz/dt = 2y — 82/3. (1)
As is typical of chaotic systems, these deceptively simple
equations result in complex behavior. SPICE may be used

to solve the differential equations [7] by making use of the
capacitor relation dv/dt = ¢/C. Writing
z =, Y = vg, Z = w3
and
dz/dt = 1,,

dy/dt = 1o, dz/dt =13

(for one-farad capacitors), each equation may be represented
by a circuit consisting of a polynomial voltage-controlled
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Fig. 1. A SPICE version of the Lorenz system; capacitors are employed as

integrators.
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Fig. 2. Two state-plane portraits of the Lorenz attractor, generated by SPICE
from the circuit of Fig. 1. Top: v3 plotted against vo; bottom: v plotted
against wvo.

current source and a capacitor, as in Fig. 1. (The resistors
prevent floating nodes, but are too large to affect the dynamics
significantly.) The approach is really a digital simulation
of an analog-computer implementation of the mathematical
equations! Fig. 2 shows two views of the trajectory of the
solution vy (t), va(t), v3(t), plotted as two state-plane portraits:
in each case one voltage was plotted against another, time
not being shown explicitly. The figure was produced from the
circuit file listed in the Appendix, simulated with PSpice and
plotted using its Probe post processor. Note that the Lorenz
attractor occupies a bounded region of state space.

Another set of differential equations that generates chaos,
devised by Rossler [8], is:

dz/dt =~y -2
dy/dt =z + 0.2y
dz/dt =02 -5.72 422 . )

These are linear, apart from the zz product in the third
equation, which gives rise to chaos. The equations can be
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Fig. 3. State-plane portrait of the Rassler attractor, as simulated with SPICE.

treated in a similar way to the Lorenz system, revealing the
attractor shown in Fig. 3.

Each of these systems of equations lead to an autonomous
(self-oscillating) equivalent circuit. However, many practical
electronic circuits that behave chaotically are driven by an
external periodic signal; the circuits to follow are mostly of this
type. A set of equations containing a driving term, investigated
by Ueda, is [9]:

dz/dt =y
dy/dt = 12cost — 0.1y — z°. 3)

Here the cosine term depends on time alone, and is represented
in the SPICE simulation by an independent current source. A
state-plane portrait of the attractor and a frequency spectrum
of the chaotic solution are shown in Fig. 4. The spike at
0.16 Hz is the drive frequency; harmonics at 3, S, 7, and
9 times the drive frequency are caused by the nonlinearity.
But the output also contains other, unrelated frequencies, the
broadband “noise” that is characteristic of chaos.

By running these abstract examples, the reader is able to
experiment with some classic chaotic systems in a familiar
electronic co\next. (The Lorenz equations, by contrast, derive
from work on long-term weather forecasting.) It is instructive
to change the circuit files and see the effect on the resulting
waveforms.

[II. SiMPLE PASSIVE CIRCUITS

Proceeding from these artificial networks, we next consider
some simple passive circuits containing abstractions of real
components, circuits that exhibit chaos in the laboratory. The
first, Fig. 5, comprises a series-connected resistor, inductor and
slow diode, driven by a sinusoidal voltage source [3], [10].
The nonlinear capacitance of the reverse-biased diode gives
rise to chaotic, nonrepetitive waveforms, as may be verified
by altering the parameters of the SPICE diode model to make
it more ideal.

A second example is the series ferroresonant circuit of Fig. 6
[11], [12]. Here the nonlinearity is due to the saturable induc-
tor, modeled in SPICE by a linear inductor and a polynomial
current-controlled current source. The attractor is shown in
the state plane.
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Fig. 4. Ueda’s attractor. Top: state-plane portrait: bottom: frequency spec-
trum of one of the state variables showing the drive frequency (0.16 Hz), odd
harmonics and broadband “noise”.
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Fig. 5. Driven scries R-L-D circuit, and its chaotic waveforms. Top to
bottom: drive voltage; current; diode voltage.

These examples demonstrate that chaos is possible even in
very simple passive electronic circuits. The two nonlinear L-
C-R circuits are not far removed from the linear second-order
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Fig. 6. Series ferroresonant circuit, and its chaotic current and capacitor
voltage shown in the state plane.

systems studied early in an electrical engineering education.
However, nonlinearity means that the circuits can exhibit a
range of behavior qualitatively different from that of linear
systems: an important lesson, since many real circuits and
systems may be considered linear over only a small range.

1V. SIMPLE ACTIVE CIRCUITS

The next progression is to simple circuits containing active
components, specifically bipolar junction transistors (BJT’s).
The first example is a triggered monostable (one-shot) circuit,
Fig. 7 [13]. Chaos arises in this circuit when the monostable
circuit fails to synchronize with its trigger. The phenome-
non is widespread in electronics, occurring, for example, in
phase-locked loops and in oscilloscope timebases that are not
properly synchronized to the displayed signal.

The circuit of Fig. 8 is a free-running oscillator containing
a pair of BJT’s, a third-order tuned circuit, and a nonlinear
network. It is named the double-scroll circuit from the shape
of its attractor [14]. The BIT’s, combined with the diode-
resistor network, present a nonlinear resistance that is negative
for small signals, leading to oscillation, and positive for
large signals, causing damping and thereby bounding the
waveforms. The circuit operation appears to be very dependent
on the component values: changing the base resistors from
57 k2 to 55 k§2 or 59 kQ is sufficient to inhibit chaotic
operation.

Fig. 9 shows a tuned-collector BIT circuit?, a configura-
tion frequently found in electronic equipment, e.g., in tuned
amplifiers, oscillators, and power converters. If the transistor
is driven hard into saturation, charge storage ensures that it
remains saturated for a time ¢, after the drive is removed. In
a simple model of the BJT [15], the storage delay time ¢,

2E. V. Ivanov, “Unstable and chaotic modes in switching resonant inverters”
(preprint, personal communication).
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Fig. 7. Triggered monostable circuit, and its chaotic waveforms. Top to
bottom: trigger voltage; capacitor voltage; collector voltage of right-hand
transistor.

S0nf] 1.26kQ e
€§1kn Z90kQ S1kQ
6.8mH m
1s.6nF 3.25kQ
57kQ  57kQ
3.25 g o

v(3,2)

Fig. 8. Double-scroll circuit, and a state-plane portrait.

depends on the collector current:
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Fig. 9. Tuned-collector transistor circuit, and its chaotic waveforms. Top to
bottom: drive voltage; inductor current; collector voltage.

where the base current of the BJT changes from ig to zero,
tc is the collector current, § is the current gain, and 7 is
the minority-carrier lifetime. Though ip is a repetitive pulse
waveform, ic depends on the external L-C circuit, and the
resulting storage time modulation is sufficient to generate
chaos under some conditions. Variation of the parameters of
the SPICE BJT model results in a variety of circuit behavior.

V. POWER CONVERSION CIRCUITS

The author’s research interests lie principally in power
conversion, and it is from this field that the final two examples
are drawn. The first is a roughly controlled rectifier circuit
employing a thyristor, Fig. 10, an abstraction of a practical
circuit in which subharmonics and chaos have been predicted
and observed {12]. When the output voltage falls below a
fixed reference voltage, gate current is supplied to the thyris-
tor, which starts to conduct when its anode-cathode voltage
becomes positive. Though its gate drive may disappear, the
thyristor continues to conduct until its anode-cathode current
falls to zero. By this time the output capacitor has usually
charged well above the reference voltage, and its voltage
decays exponentially. The cycle repeats periodically, or chaot-
ically if the capacitor voltage decay is not synchronized with
the period of the ac supply. In the SPICE simulation, the
thyristor is modeled by two BJT’s, a pnp type and an npn type.

Fig. 11 shows the circuit of a controlled buck dc—dc con-
verter [16]. The circuit is closely related to those used in
switched-mode power supplies, and it was the observation
of unexplained effects in a practical circuit of this type that
prompted the author’s interest in chaos. The output voltage
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Fig. 10. Controlled rectifier employing a thyristor, and its chaotic wave-
forms. Top to bottom: input voltage; capacitor voltage v; thyristor gate-cathode
voltage.
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Fig. 11.  Controlled buck dc—dc-converter capable of chaotic operation.
depends on the duty factor of the switch, set by a simple
pulse-width modulator comprising a sawtooth waveform of
period 400 ys and a comparator. A wideband feedback circuit
maintains the output voltage close to the reference voltage,
+12 V. If the loop gain is low, the output has superimposed
ripple at the drive frequency. But at higher loop gains the
fed-back ripple interferes with the pulse-width modulation
process, leading to subharmonics (skipped cycles) and chaos.
The output is still maintained close to 12 V but the superim-
posed ripple is chaotic, as shown in Fig. 12. The circuit file
corresponding to this figure is listed in the Appendix.

It is possible for the switch to operate several times per drive
cycle, which would cause an undesirable increase in switching
loss in a practical converter, possible resulting in failure. To
overcome the effect, the feedback loop can include a latch,
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Fig. 12. Chaotic waveforms of the buck converter of Fig. 11. Top to bottom:
comparator input voltages; diode voltage; inductor current; output voltage
across 22 2 load.

clocked at the drive frequency. With a latched pulse-width
modulation scheme known as current-mode control, multiple
pulsing is eliminated but subharmonics and chaos are still
possible [17]. Because the voltages and currents are bounded,
the circuit may be engineered to be reliable, despite its chaotic
operation.

VI. SENSITIVITY AND ERRORS

Next the problems associated with locating attractors numer-
ically are outlined, with particular reference to chaotic systems.
For a fuller approach and further references, see [18].

The long-term behavior of a dynamical system is character-
ized geometrically by its limit set, the set of points in state
space visited by the state vector in the limit as t — oc.
For an nth-order system, the limit set occupies a region of
n-dimensional state space. If, after a perturbation, the state
vector eventually returns to this region, the limit set is called
an atrractor. The region of state space commanded by an
attractor is its basin of attraction. Four types of attractor
are currently known: equilibrium points, limit cycles, quasi-
periodic solutions, and strange attractors. An equilibrium
point is a zero-dimensional object in state space, and is
associated with a system that comes to rest after an initial
transient. A limit cycle is a closed path, a one-dimensional
object associated with periodic steady-state behavior, including
harmonics and subharmonics. A quasi-periodic solution is a
more general case, where two or more periodicities may be
identified, related by irrational numbers. For two periodicities
the attractor is a two-dimensional toroidal shell. A strange
attractor is a fractal, an object of fractional dimension. Strange
attractors are closely associated with chaos.
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In principle, an attractor may be located by initializing
a simulation in its basin of attraction and waiting for any
initial transient to decay. The “brute-force” approach has the
disadvantage that very long simulation runs may be needed if
the transient is lightly damped. Unfortunately, it is the only
method of locating limit sets available in standard SPICE.
Subtler approaches (such as the Newton-Raphson method)
might be employed to locate the simpler attractors, but brute-
force integration of the state equation is the only method
known for locating strange attractors.

Unavoidable numerical error means that caution should be
exercised in interpreting simulation results for chaotic systems.
The state equation of a continuous dynamical system may
be written in the general form dz/dt = f(z,t), where T is
the n-dimensional state vector and function f characterizes a
particular system. In simulation, the trajectory z(¢) is to be
determined, given the initial condition £(0). Moving forward
in a series of small steps, = is calculated at each step by
integration. The solution is advanced from z(t) to z(t + k),
where h is the time step, by the following process:

t+h v
z{t+ h) = z(t) + f(z,t) dt. ©)
t
Now, by Taylor’s theorem,
2 3. 11t
z(t + h) = =(t) + hz'(t) + h :;‘(t) + h 33' (t)
2f 3 gl
= z(t) + hf(z,t) + h2f (=,¢) + Rz, 1)

2! 3!
(©)

where a prime (') denotes a time derivative. So in the general
case, an infinite number of derivatives of = are required for
exact integration. Usually only f (= z) is available, and higher
derivatives must be estimated numerically. Various schemes
have been devised, resulting in many families of integration
formulas. Within each family there are formulas of different
order: A second-order method, for example, matches the Tay-
lor series as far as the h? term; the computed integral is then
exact when the true solution is constant, linear or quadratic,
but with waveforms such as exponential and sinusoids, O(h?)
truncation error is unavoidably introduced at each step. (Most
versions of SPICE employ a second-order integration formula
known as the trapezoidal method.) To keep the error acceptably
small, the time step h should be adjusted automatically, smaller
steps being taken when the solution is changing more rapidly.
A small time step will also avoid numerical instability, where
the integration process magnifies its own errors from one step
to the next.

In addition to truncation error, all numerical processes are
subject to rounding error. Rounding occurs because floating-
point numbers are represented to finite precision. In practice,
truncation is usually the more serious source of error except
when the time step is extremely small.

In most simulations numerical error is not a serious problem,
because function f is such that error decays from one step
to the next. But a distinctive characteristic of chaotic sys-
tems is extreme sensitivity—the so-called butterfly effect—
whereby the trajectory z(t) is highly dependent on pertur-
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Fig. 13. Top: sensitivity of buck converter simulation to initial conditions;
the initial conditions of the two output capacitor voltage waveforms differ by
only 1 mV. Bottom: effect of SPICE’s integration time-step limit; the two
waveforms were produced using tmax = 25 us and 50 ps.

bations. Nearby trajectories diverge exponentially. Therefore,
any numerical errors are magnified greatly by a chaotic system:
in fact, with simulation it is impossible to follow a chaotic
trajectory, since the inherent errors continually nudge the state
vector onto neighboring trajectories.

A saving grace is that most systems of engineering interest
are structurally stable: a small perturbation in f results in a
similarly small perturbation in the attractor. Numerical error
can then be expected to have only a minor effect on the attrac-
tor, even in a chaotic system; the general shape of a strange
attractor is preserved, but its details may be distorted. Though
the simulated trajectory does not follow a real trajectory, it
nevertheless remains close to the real attractor and reveals its
true shape. Such is the case with our SPICE simulations.

To illustrate sensitivity to initial conditions, Fig. 13 shows
waveforms for the buck converter described earlier. In two
separate SPICE runs, the initial voltage on the output capacitor
differed by only 1 mV in 12 V. The two waveforms diverge
rapidly at first, but remain bounded. Extreme sensitivity to
initial conditions is an important way in which chaotic systems
differ from the stable linear systems usually studied, where a
small difference in the starting point has negligible effect on
the long-term waveforms.

Unfortunately, SPICE’s automatic time-step control algo-
rithm does not seem well suited to lightly damped circuits.
Oscillations and chaos may even be damped out altogether,
especially in autonomous systems. To avoid this, it is often
necessary to limit the maximum time step by means of the
fourth parameter on the . TRAN directive, sometimes called
tmax. Satisfactory results are usually obtained with {na. <
T/20, T being a representative time scale over which chaotic
oscillations occur (roughly speaking, the “average period” of
the oscillations). A state-plane plot will often reveal a problem:
if the trajectory appears piecewise-linear over much of its
extent, ¢, should be reduced.









