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Instability, Subharmonics, and Chaos in Power
Electronic Systems
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Abstract—The concept of chaos is applied to a variety of nonlinear
power electronic circuits. With the onset of instability, the phenomena
of subharmonics, quasi-periodicity, and chaos are predicted and ob-
served. Examples treated are diodes with charge storage (with appli-
cation to resonant converters); a ferroresonant circuit; a controlled
thyristor rectifier circuit; and a buck converter controlled by pulse-
width modulation (PWM).

I. INTRODUCTION

N UNSTABLE nonlinear systems a variety of strange

effects are observed, including subharmonics. quasi-
periodic oscillation, intermittency, and chaotic behav-
ior—erratic, apparently random motion. These phenom-
ena have been studied intensively in the emerging cross-
disciplinary science of chaos [1]-|3]. On the other hand
instability, spurious oscillations, and subharmonics have
been little studied in power electronic systems, though
they occur frequently. Power converters were identified
as potentially chaotic some years ago [4], but this area
has been little explored. The purpose of this paper is to
outline some fundamental concepts of chaos theory, to
show how they may be applied to power electronics, and
to suggest mechanisms by which nonlinear phenomena
may arise in power converters. We hope to show that
many puzzling effects can be explained, understood, and
perhaps even exploited. We shall confine our attention to
simple circuit examples that model aspects of real power
electronic systems.

Unstable circuits are conventionally considered unac-
ceptable for engineering applications. largely because
their performance seems unpredictable and unquantifi-
able. A barrier appears to separate stable circuit behavior
from unstable; yet both cases are governed by the same
laws of circuit theory. Unstable systems can be tamed and
set to perform valuable work: an everyday example is the
class of unstable feedback circuits termed oscillators,
where controlled instability is used to generate periodic
waveforms. The main obstacle to studying unstable cir-
cuits is the need to take into consideration their large-sig-
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nal characteristics, which are inevitably nonlinear. As
there are no general analytical methods for solving non-
linear differential equations, nonlinear systems have tra-
ditionally been regarded as intractable. This is unfortu-
nate, because many such systems are of great practical
interest. The solar system, the weather, population dy-
namics, the economy, and power electronic circuits, all
may be regarded as systems governed by nonlinear differ-
ential or difference equations.

To overcome the difficulties raised by nonlinearity,
weakly nonlinear systems are often linearized about a
nominal operating point to obtain a small-signal model.
It is assumed that a convergent Taylor-series description
can be truncated after the linear terms if the perturbations
are small enough. This assumption is difficult to justify in
connection with the strongly nonlinear circuits of power
electronics. For example, when the state-space averaging
technique is applied to the analysis of a switched-mode
converter, the resulting nonlinear equations are usually
linearized to obtain a small-signal model. While such an
approach is often useful in determining the stability of a
switched-mode converter, it does not predict the possibil-
ity of subharmonic oscillation that is an essentially non-
linear phenomenon and that may occur in practice. If
large-signal effects are to be taken into account, analytical
difficulties usually force one to resort to computer simu-
lation. Simulation has played a large part in the develop-
ment of the science of chaos and remains of fundamental
importance in the study of unstable nonlinear systems.

It is a commonly held belief that simple systems exhibit
simple behavior, with the corollary that complicated sys-
tems must have complicated behavior. Both beliefs are ill-
founded. Investigation of some very simple nonlinear sys-
tems reveals remarkably complex behavior, while many
dissimilar, complex systems behave in surprisingly simi-
lar ways. (Examples that illustrate both these points are
presented next.) The fact that dissimilar systems can show
qualitatively and quantitatively similar behavior has led
to the hope that a single unifying theory may describe
them all. This property is known as universality [5].

There are many sources of nonlinearity in power elec-
tronic systems. Some that commonly occur are as fol-
lows.

Semiconductor Devices, DC Characteristics Modeled
Either as ldeal Switches or as (Controlled) Nonlinear Re-
sistances: BIT’s, MmosreT’s, IGBT’s, SIT’s, thyristors,
diodes.
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Nonlinear Capacitances: Diode, BJT, and MOSFET ca-
pacitances, nonlinear snubber capacitors.

Nonlinear Inductances: Transformers and chokes, fer-
roresonant controllers, magnetic amplifiers and transduc-
tors, saturable snubber inductors.

Control Circuits: Comparators, pulsewidth modula-
tors, multipliers, phase-locked loops, autonomous timers
(monostables), digital controllers.

II. NONLINEAR DYNAMICS AND CHAOS

‘I'here is a profound difference between chaotic and ran-
dom behavior. Chaos is apparently random motion that in
fact exhibits some form of structure, whereas truly ran-
dom behaviour occurs in stochastic (noisy) systems. As a
familiar example of a chaotic system, consider the pseudo-
random number generators implemented on computers.
These are in fact deterministic. Given the same initial
conditions, the same sequence of numbers will result.
Probably the best known type of pseudo-random number
generator is the multiplicative congruence method [6]:

Xn+1 =(ax,,+b) mOdC:f(X”). (1)

The function f is known as the mapping that governs the
system. The user supplies a value x, (the *‘seed’’) and the
formula is applied recursively to calculate the pseudo-ran-
dom sequence {x,} = x¢, X, X5, X3, - * * . A graphical
method allows us to work backwards from a particular
sequence {x,} to determine (approximately) an unknown
f. For as many points as are available, we plot x,, . | against
x,. If a single-valued curve emerges, it is likely that a
relation of the form

X = f(x) (2)

holds, and we can deduce f from the graph.

Let us apply this technique to some experimental re-
sults from an electronic circuit. Fig. 1(a) shows a voltage
waveform obtained from a switching circuit displaying
chaotic behavior, while Fig. 1(b) is from a circuit exhib-
iting truly random behavior. We choose to measure the
width of the low-voltage intervals. Labeling successive
widths 1, t,, 13, + + -, we plot 1, against ¢, t; against £,
and so on, to obtain Fig. 2(a) and (b). A marked structure
emerges for the chaotic case, in contrast with the random
case. The waveforms of Fig. 1 were in fact produced by
a simple two-transistor monostable (one-shot) triggered
by a pulse train—a regular pulse train for chaotic behavior
[71, [8], a noise-derived pulse train for random behavior.
An expression of the form (2) can be derived analytically
for the circuit [9].

Equation (2) is a one-dimensional mapping, i.e., x,
depends only on x,, and not on x,, _;, x, _», etc., and x is
a scalar rather than a vector. In general, mth order sys-
tems lead to mth order mappings:

Xy+1 =f(x,,), f: e ‘m. (3)

Differential equations, which describe continuous sys-
tems, also give rise to mappings like (3) but it is generally
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Fig. 1. Superficially similar waveforms from switching circuit exhibiting:

(a) chaotic behavior; (b) truly random (noise-derived) behavior.

(a) (b)
Fig. 2. Mappings derived from waveforms of Fig. 1. (a) For chaotic op-
eration, revealing clear structure. (b) For random operation.

not possible to find fanalytically. An equation such as (3)
is actually a difference equation. With a given initial con-
dition x, a sequence {x,} exists that satisfies the equa-
tion. As well as chaotic solutions there can be periodic
solutions, where the values {x,} repeat: x, = x,., for
some p. If p > 1 the system exhibits a period-p subhar-
monic, but the simplest behavior corresponds to p = 1:
X, = X, = x* for all n. x* is termed a fixed point of
the mapping. A fixed point may be stable (attracting) or
unstable. A fixed point x* attracts if, starting from an ar-
bitrary nearby value x,, {x,} always converges to x* as
n — o. The set of points x, for which this holds true is
known as the basin of attraction of x*. For first-order sys-
tems, a fixed point is an attractor if, at the fixed point, the
modulus of the gradient of the mapping is less than unity
[1], [10]. For a system of order m > 1, a fixed point is
an attractor if, at the fixed point, the moduli of the m ei-
genvalues of the Jacobian matrix of the mapping are all
less than unity [1]. These criteria may be employed to
determine the stability of a system.

We are used to power electronic circuits in which there
is a single, attracting fixed point. Then starting from ar-
bitrary initial conditions the circuit always settles to the
same steady-state operation. However, this simple case is
by no means the only form of behavior possible in a non-
linear system.



The qualitative behavior of a system as one of its pa-
rameters is varied may be summarized in a compact way
by means of a bifurcation diagram. Consider a much-
studied one-dimensional case, the quadratic mapping

Xpv1 = axn(l - X, (4)

where a € [0, 4] is a parameter. The behavior of (4) as a
is varied is shown in Fig. 3. Fora < 3 the sequence {x,
converges to a fixed point, drawing out a single-valued
curve. Ata = 3 a bifurcation occurs: {x,} takes two val-
ues alternately, corresponding to a period-2 subharmonic.
As a is increased further, subharmonics of period 4, 8,
16, - - - appear in order until at a = 3.570 the period
becomes infinite; the sequence {x,} never repeats, and
we observe chaos. At @ = 3.828 the band of chaos ends
and a stable period-3 solution appears. Further details are
to be found in the literature [1], [10}-[12]. This behavior
is known as the period-doubling route to chaos; another
common route is the period-adding route, where subhar-
monics of period 2, 3, 4, 5 - - - appear in order, inter-
spersed with bands of chaos [13].

We conclude this section with a short glossary.

Subharmonics: Frequencies appearing in periodically
driven nonlinear systems at integral submultiples (1/2,
1/3, - - -) of the excitation frequency.

Chaos: There is no universally accepted definition.
Chaos could be described as noise-like, bounded oscilla-
tion with an infinite period, found in nonlinear, determin-
istic systems. It is characterised by extreme sensitivity to
initial conditions: infinitesimal perturbation of initial con-
ditions gives rise to macroscopically diverging solutions.

Quasi-Periodicity: A quasi-periodic oscillation com-
prises two or more components at incommensurable fre-
quencies (i.e., the frequency ratios are irrational).

Intermittency: Intermittent behavior consists of inter-
vals of almost-periodic oscillation interspersed with short
bursts of chaos.

Strange Attractor: An attracting subset of the state
space, having an infinitely complex structure and a frac-
tional dimension. Strange attractors are closely associated
with chaos.

Poincaré Section: If the state variables of a periodi-
cally driven system are sampled once every cycle of the
drive, at the same phase, then the resulting set of points
is termed a Poincaré section of the state-space trajectory.

Bifurcation: A bifurcation is an abrupt change in the
qualitative behavior of a system as a parameter is varied;
for example, period doubling.

III. CHAOS AND SUBHARMONICS IN DI10DE CIRCUITS

A very simple chaotic electronic circuit (and one of the
most studied) is the series R-L-D circuit of Fig. 4 [13]-
[16]. Although R and L are linear, the diode has nonlinear
characteristics and in this circuit acts as a nonlinear ca-
pacitance shunted by a nonlinear resistance. Readers are
encouraged to experiment with this circuit; the parameter
values are not critical. By adjusting the drive voltage and
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Fig. 3. One-dimentional quadratic mapping (inset). and bifurcation dia-
gram produced when bifurcation parameter a is swept from 2.9 to 4.
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Fig. 4. Simple series R-L-D circuit that can produce subharmonics and
chaos for certain drive frequencies and amplitudes.

frequency, subharmonics, and chaos may be evoked. The
diode voltage and current waveforms in chaotic operation
are shown in Figs. 5 and 6 shows an experimentally ob-
tained bifurcation diagram for the circuit [16]. The oscil-
loscope Y-axis displays the current, sampled by Z-axis
modulation at the driving frequency, while the X-axis dis-
plays the amplitude of the drive waveform, swept slowly.
Subharmonics of period 2, 3, 4, 6, and 8 are recogniz-
able, as are bands of chaos. A period-adding route to
chaos is followed [13]. This circuit is now well under-
stood from a theoretical standpoint. Simulation results
match the observed behavior very well when an accurate
diode model, such as the SPICE2 model [17], is em-
ployed. Yet even a greatly simplified diode model, a
piecewise linear g-v characteristic [14], [18], gives good
quantitative results.

It is interesting to note that this simple circuit is rep-
resentative of a number of situations found in practical
power electronics. For instance, the circuit of Fig. 7 con-
tains the basis of a series-resonant converter. We fed a
bridge rectifier of slow diodes (storage time ~ 6 us) from
a square-wave voltage source and observed an apparent
quasi-periodicity in the circuit’s waveforms, shown in
Fig. 8. The voltage at the input to the bridge rectifier was
found to be amplitude-modulated at a frequency appar-
ently unrelated to the switching frequency, but related to
the values of C and R. With fast diodes the effect did not
occur. The circuit was also investigated by SPICE simu-
lation, using the standard diode model. The simulation
waveform, Fig. 9, is qualitatively very similar to the ex-
perimental one. In the simulation, too, the modulation
disappears with fast diodes. However, our attempts at an-



Fig. 5. Waveforms for circuit of Fig. 4 in chaotic operation: (top) ¢, (20
V/div); (center) v, (5 V/div); (bottom) i (20 mA/div); 500
ws/horizontal div.

Fig. 6. Measured bifurcation diagram for circuit of Fig. 4, showing sub-
harmonics and bands of chaos. Vertical: / (20 mA/div.): horizontal:
input voltage amplitude (swept from 1 to 20 V peak-to-peak).
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Fig. 7. Model of series-resonant converter circuit employing slow rectifier
diodes.
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Fig. 8. Waveforms for circuit of Fig. 7 showing quasi-periodic amplitude
modulation at about 1/36 of drive frequency: (top) t'gg. (bottom) o;
3 V/vertical div., 200 us/horizontal div.

alysing this effect have to date been fruitless, so we can
offer no quantitative theoretical explanation.

The simple R-L-D circuit models a situation common
in power electronics—a diode associated with inductance
and resistance. If the diode has substantial charge storage,
instability is likely even though no active components are
involved. Charge storage is not a severe problem below

100-kHz, but above ~ 1-MHz diode recovery times be-
come significant. With converter-frequencies being
pushed ever higher, many opportunities for diode-induced
instability will arise. We suggest that rectifier diodes and
the slow body-drain diodes of power MOSFET’s will need
particular attention. Some problems in these areas have
already been noted in connection with 10-MHz converters
[19]. Another paper [20] has suggested that slow diodes
be used deliberately as pseudo-active devices in quasi-res-
onant dc-dc converters. A storage time constant of 190 ns
was proposed for a converter switching at 1 MHz. Those
wishing to use this type of circuit should be aware of the
possibility of chaotic oscillation!

IV. NONLINEAR INDUCTANCE AND FERRORESONANCE

Another nonlinear circuit element frequently encoun-
tered in power electronics is nonlinear inductance. It often
happens that the core of a choke or transformer is driven
into saturation, intentionally or otherwise, reducing its in-
ductance. Nonlinear inductance is put to work in mag-
netic amplifiers, snubber inductors, and inverter trans-
formers (as in the Royer oscillator). When saturating
inductance is combined with linear capacitance ferrores-
onant circuits are formed; they are employed in voltage
stabilizers, frequency dividers and other practical appli-
cations.

Multiple steady states in driven ferroresonant circuits
were reported as early as 1907 and subharmonics were
described in 1926, some early work being cited in [21],
[22]). To avoid analytical difficulties the inductor i-® char-
acteristic has sometimes been approximated by a piece-
wise-linear function, omitting the complication of mag-
netic hysteresis [22], [23]. One such analysis revealed the
possibility of chaos in addition to many other nonlinear
phenomena [23]. Multiple periodic steady states, now
seen as coexisting stable attractors, continue to be studied
[24].

We built a simple L-C-R circuit, Fig. 10, in which the
inductor was designed to saturate. It comprised 100 turns
of 0.7-mm diameter wire wound on a toroidal ferrite core
of inside diameter 15 mm, outside diameter 30 mm and
height 12 mm. The ferroresonant circuit was excited by a
square-wave voltage source. The voltage across the ca-
pacitor (proportional to its charge ¢) and the current (i =
dq/dr) were monitored and used to plot phase-plane dia-
grams on an oscilloscope screen. Fig. 11 shows a typical
display, with the circuit producing a period-3 subhar-
monic. The extremely simple circuit exhibited highly in-
tricate dynamics; by adjusting the frequency and ampli-
tude of the drive a variety of circuit behavior could be
obtained. We observed multiple steady states, jump res-
onances, subharmonics, and period-doubling bifurcations
to chaos. Fig. 12 shows a Poincaré section of a chaotic
trajectory. It was produced by sampling the phase-plane
trajectory by means of Z-modulation (bright-up), using a
pulse generator phase-locked to the drive waveform. Thus
each cycle of the drive gave rise to a single displayed dot.
Fig. 12 is a time exposure photograph recording the ac-
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Fig. 9. Wavetorm of v, in Fig. 7 simulated with SPICE. Standard SPICE2
diode model with charge storage was used. Compare with Fig. 8 (top).
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Fig. 11. Phase-plane diagram for circuit of Fig. 10. showing a period-3
subharmonic. Vertical: i (250 mA /div.), horizontal: v (10 V/div.)

Fig. 12. Phase-plane diagram similar to that of Fig. |1, but for chaotic
operation, sampled at excitation frequency to reveal strange attractor.

cumulation of ~300 000 dots forming the Poincaré sec-
tion; we believe that it reveals a strange attractor.

V. A CHaotic THYRISTOR RECTIFIER CIRCUIT

Subharmonics caused by so-called ripple instability are
well-known in controlled rectifier circuits incorporating
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Fig. 13. Simple controlled rectifier circuit capable of exhibiting subhar-
monics and chaos.

thyristors [25], [26]. We studied by analysis and experi-
ment a simple circuit, Fig. 13, that can exhibit subhar-
monics and chaos. This capacitor-input rectifier circuit has
a number of undesirable features (including a very poor
power factor), but similar circuits are nevertheless used
in some television receivers, with phase controlled thyris-
tors feeding a reservoir capacitor.

The principle of operation of the circuit is as follows.
The voltage v across C is regulated by a crude closed-
loop controller comprising thyristor TH and a comparator
IC. While v is above a threshold (set in this circuit at
about half the peak supply voltage V;), the comparator
diverts the gate current away from TH. Thus TH triggers
if both i) v¢ < V,;/2 and ii) forward voltage exists across
TH. The timing of condition i) depends on the waveform
Uc, determined by the time constant CR and the peak volt-
age to which C is charged; the timing of condition ii) de-
pends only on the input voltage waveform. It is this lack
of synchronisation that leads to chaos in some circum-
stances. An analysis of the circuit (see Appendix) results
in a one-dimensional mapping that relates successive
peaks of v., which are represented by the sequence
{V(max)n}- The mapping’ f: V(max)n = V(max)n+l, is ex-
pressible in the form of an algorithm.

If this circuit is constructed for experimental measure-
ments it is important to minimize the supply inductance;
otherwise the circuit becomes of second order, invalidat-
ing the analysis. In our experiments the load resistance R
was first adjusted for chaotic operation. Parameters a, V,
and wCR that govern the mapping were then measured
directly. A digital storage ocilloscope was employed to
monitor the voltage across C and long sequences of peaks
{ Vimax)n } Were recorded. Fig. 14 shows a plot of the data,
in the form of a return map; the solid curve is the com-
puted theoretical mapping, the parameters having been
adjusted to obtain a good fit to the data. Experimental and
theoretical values of the parameters are compared in Ta-
ble I. The discrepancies (worst: 12% in wCR) may be due
to the simplifying assumptions of the analysis, and to
waveform distortion and unavoidable inductance in the ac
supply. Fig. 15 shows a bifurcation diagram computed
from the theoretical algorithm with wCR swept between
10 and 12. A bifurcation to a period-2 subharmonic and
a narrow band of chaos at wCR = 11.3 are visible.















